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Formal convergence proof for discrete dynamical
systems

Jean-François Couchot

LIFC, EA 4269, University of Franche-Comté
IUT Belfort-Montbéliard, France

Abstract. This work shows how to automatically prove convergence
properties of discrete dynamical network for any asynchronous iterations
with bounded delays. The approach is based on temporal properties ver-
ification through model checking. Both theoretical and practical aspects
are addressed: for the former, the approach is proved to be correct and
complete; for the latter, complexity issues and experiments on non triv-
ial examples show the efficiency of the approach. The whole approach is
applied on a running example.

1 Introduction

A dynamical network is a system whose evolution only depends on its history. A
global state of that kind of network is called a configuration. This work focuses on
discrete dynamical network (later denoted as DDN): configurations are measured
at discrete times (t = 0, 1, 2, . . .) and each configuration takes its values into a
product of finite domains. DDNs have many applications, for instance, in genetic
networks [1,2], in neural networks [3,4].

There are basically two ways of making DDNs evolve: synchronous and asyn-
chronous modes. If a DDN is iterated synchronously, the successor of a configu-
ration is computed by applying a map on a partition of the elements (following
a given strategy) keeping the others unchanged. Asynchronous iterations are a
generalization of synchronous ones that allows the existence of a delay from the
instant where a component has a specific value and the moment where another
component can use this value.

In that context, one should ensure that systems have some basic properties.
For instance, a system that computes a result has to self stabilize in a finite
time. This is identified as a convergence, contrary to the divergence in which the
system may enter in a cycle or have chaotic behavior.

Establishing a convergence proof of DDNs may be quite difficult: in the better
case, one only has to ensure that DDN fulfil hypotheses of a previously estab-
lished convergence theorem [3,5]. In the worst case, one has to find a fine metric
and to prove that it strictly decreases, what is an error prone task due to the
number of (sub) cases that may have to be studied.

However, a tool that exhaustively computes all the configurations following
a given iteration mode is an answer to this proof need. Provided correction and
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completeness of the translation to that tool are addressed, convergence proof only
rely on the answer returned by the tool. Nevertheless, even for DDNs with a few
number of elements, the configuration number associated with delays handling
and choosing elements to iterate quickly becomes to huge to be memorized with
usual data structures.

Model-Checkers is a class of tools that address the problem of automatically
checking whether a model meets a given property. To address the combinatorial
blow up of the state-space, state of the art model checkers apply sound methods
like partial order reduction, abstraction techniques, when this is not sufficient.
They have been already applied on genetic networks [6,7,8] expressed as specific
DDN, but none of these studies deals with delays of asynchronous mode.

This work presents how to efficiently simulate a DDN on a model checker
taking delays into account with the objective to formally establish convergence
proofs. The first contribution of this work is the translation of DDNs (system and
iteration modes) into PROMELA which is the model language of the state of the
art SPIN [9,10] model checker (Sect. 4). The second contribution is the correction
and completeness proof of the translation for convergence property (Sect. 5). The
third contribution is the practical issues of this work where complexity problems
and experiments are addressed (Sect. 6). Finally, to make the document self-
contained, the Section 2 is dedicated to the formalisation of DDN and introduces
the running example, and basis of PROMELA are recalled in Sect. 3. Concluding
remarks and perspectives are given in Sect. 7

2 Formalisation

This section recalls definitions of DDNs and presents a running example.

2.1 Discrete Time Discrete States dynamical Networks

This section formalizes discrete dynamical networks sketched in introduction.
A DDN is a collection of n components. Each component i , 1 6 i 6 n, takes

its value Xi among a finite domain Ei . Let E be the space product E = Πn
i=1Ei .

A configuration of the network at discrete time t (also called at iteration t)
is the vector

X (t) = (X (t)
1 , . . . ,X (t)

n ) ∈ E .

The dynamic of the system is described according to a function F : E → E

such that
F (X ) = (F1(X ), . . . ,Fn(X )).

In the sequel, the strategy (J (t))t∈N is the sequence of characteristic function
of components that may be updated at time t .

Practically, it is represented as a n × n diagonal matrix such that J (t)
ii = 1

if and only if it is allowed to modify Xi ∈ Ei at time t . Moreover, the strategy
(J (t))t∈N is pseudo-periodic if for each component i , the set {t | J (t)

ii = 1} is
infinite.

LIFC
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Let I be the identity matrix of size n, and X 0 = (X 0
1 , . . . ,X

0
n ) an initial

configuration. The synchronous iterations modes (including pure parallel mode,
sequential mode, chaotic modes) are defined for times t = 0, 1, 2, ... by:

X (t+1) = (I − J (t))X (t) + J (t)F (X (t)) (1)

Indeed:

– pure parallel iterations constrain J (t) to be equal to the identity matrix for
any t ;

– sequential iterations constrain J
(t)
ii to be null, except for i equal to

1 + t mod n, where it is 1;
– chaotic iterations do not constrain (J (t))t∈N.

We then formalize the fully asynchronous mode with overlapping updates [11,3]:

– components may be updated in a random order, and even not updated at
all, according to a strategy (J (t))t∈N, as in the synchronous chaotic mode;

– at each iteration t , each component may update its own state according to
the last values it has received from the other components at the current time.
These values depend on computation and communication delays between
these components.

Let (S (t))t∈N be the sequence of n×n matrices whose element S (t)
ij represents

the iteration numbers (less or equal to t) at which the value Xj ∈ Ej , available
at time t on component i , has been produced on component j . This sequence
is further referred as sequence of last available dates. We suppose that (S (t)

ij ) is
increasing for each i and j . Hence, delay between the data sending from j and
the data reception on i is defined by δtij = t − S

(t)
ij > 0. Notice that delays are

supposed to be bounded by a constant δ0. More formally, we have

∃N δ0 . (∀N t . (∀[1,...,n] i , j . δ
t
ij ≤ δ0)) (2)

Similarly to equation (1), asynchronous iteration mode is defined by:

X (t+1) = (I − J (t))X (t) + J (t)


F1

(
X

(S
(t)
11 )

1 , . . . ,X
(S

(t)
1n )

n

)
...

Fn

(
X

(S
(t)
n1 )

1 , . . . ,X
(S(t)

nn )
n

)
 (3)

Notice that if S (t) is the matrix identically equal to t (S (t)
ij = t , for any

1 6 i 6 j 6 t , i.e. all the delays are null), asynchronous iterations are equivalent
to chaotic iterations.

RR 2010–3
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2.2 Running Example

We consider the same running example as [12], i.e. five elements taking their
value in the set {0, 1} following the map:

F (X ) =


f1(X1,X2,X3,X4,X5) = X1X2 + X1X2

f2(X1,X2,X3,X4,X5) = X1 + X2

f3(X1,X2,X3,X4,X5) = X3X1

f4(X1,X2,X3,X4,X5) = X5

f5(X1,X2,X3,X4,X5) = X3 + X4

where a, sum and product are the usual boolean operators.
The Figure 1 gives the induced incidence graph i.e. the graph whose vertices

are elements and whose edges from i to j represent that fj depends on i .

3

5

1

2

4

Fig. 1. Incidence graph of running example

The prototype developed for [12] have shown that pure parallel iterations
converge. It has helped us to find pseudo-periodic strategies making chaotic
iterations (and then asynchronous iterations) diverging.

3 Process Meta Language (PROMELA)

This section restricts to fundamentals of the Process Meta Language (PROMELA)
that are in our concern. More details can be found in [10,9,13].

Built-in types considered by PROMELA are bool, byte, short and int. As in
the C language, we can declare one-dimensional constant length arrays or user
defined data types (introduced by the typedef keyword). These latter types are
widely used to define two-dimensional arrays.

Running example. The listing given in Fig. 2 corresponds to variable decla-
rations that result from the translation of the running example. It defines:

LIFC
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– the constant N and d_0 respectively standing for the number n of elements
and the delay bound δ0;

– two arrays (X and Xp) of five boolean variables; the cells X[i] and Xp[i] are
associated to the variable Xi of the DDDN; they memorize the value of Xi

respectively before and after an update;
– the array sync indexed by elements and whose values sync[i] and sync[j]

are equal if there is no delay between i and j ;
– the array mods of elements that have to be modified at the current iteration;

intuitively, it corresponds to the modified elements identified by the strategy.
– the structured data type vals and the array of arrays Xs[j − 1].v[k − 1]

aims at storing X
S t
jk

k at iteration of time t ;
– the two-dimensional array named array_of_channels of N*N elements of

type chan (see below).

#d e f i n e N 5
#d e f i n e d 0 5

bool X [N ] ; bool Xp [N ] ; i n t sync [N ] ; i n t mods [N ] ;
typede f v a l s {bool v [N] } ;
v a l s Xs [N ] ;

typede f a send {chan sent [N] = [ d 0 ] o f {bool }} ;
a send a r r a y o f c h a n n e l s [N ] ;

chan unlock e l ements update = [ 1 ] o f {bool } ;
chan sync mutex = [ 1 ] o f {bool } ;

Fig. 2. Example of PROMELA arrays and channels in use in the DDNs translation

A channel allows for transfering messages between processes in first-in first-
out order. It is declared by the keyword chan following by it capacity (constant),
its name and the structure of the messages stored in the channel. In the previous
example, we successively declare:

– a channel sent that may store d_0 messages of type bool;
– the two channels unlock_elements_update and sync_mutex of one bool

message further used as semaphores.

PROMELA embeds the process notion that allows for modelling both concur-
rency and system distribution. A process is declared with the proctype keyword
and is instantiated either immediately (when its declaration is prefixed by the
active keyword) or whilst executing the run operator. Among processes, the
init one is the initial process that aims at initializing variables, launching other
processes, . . .

RR 2010–3
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Notice that variables may be local or global. The scope is the process in the
former case, whereas it is the whole program in the latter case.

Assignment statements are interpreted as in the C language, starting by
evaluating expression and next by modifying the variable value. Two statements
concern any channel ch: receiving and sending a message m; this is respectively
represented by ch ? m and ch ! m. The receive statement consumes the value
in the head of the channel ch, and assigns it to the variable m (provided ch is
initialized and not empty). Similarly the send statement appends the value of m
in the tail of ch, provided it is initialized and not full. In both cases, the process
is locked in this statement until the two both conditions are established.

The if (resp. the do) control-flow construct is a non-deterministic guarded
choice (respectively a non-deterministic guarded loop). For both choice and
loop, if more than one guard is enabled, one of them will be selected non-
deterministically and executed.

In the init process detailed in Fig. 3, we first initialize the sync array in
the define_sync() function not detailed here: intuitively, there is no delay in
value transmission for elements i and j s.t. sync[i] and sync[j] are equal. This
constant array allows to simulate synchronous iterations (when sync[i] is equal
to 0 for all elements i) asynchronous iterations (when sync[i] is equal to i for
all elements i) or mixed one.

Next a loop of length N non-deterministically initializes the global array
variable Xp. For each element i , if iterations are asynchronous,

– we first memorize the value of Xp[i] into each Xs[j].v[i] since the matrix
S 0 is identically equal to (0)

– next, the value of i (represented by Xp[i]) should be transmitted to j if
there is an edge from i to j in the incidence graph. In that case, the func-
tion has_next (not precised here) memorizes this graph and sets to true
the variable is_succ. It allows to send the value of i . into the channel
array_of_channels[i].sent[j]

4 Translating a Discrete Dynamical Network into a
PROMELA Model

A seen above, variable types considered by PROMELA are bool, byte, short or
int. They are convenient to memorize element values of DDNs that range over
finite domains.

4.1 Strategy

We first show how to translate a finite strategy, and then we present the extension
to periodic strategy and pseudo-periodic strategy.

A finite strategy is composed of a finite sequence of matrices J = [J 0; . . . ; J l ]
representing elements updated at a given time. Scheduling elements according
to J is achieved by the scheduler process as shown in Fig. 4. This process is a

LIFC
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i n i t {
atomic{

d e f i n e s y n c ( ) ;
i n t i ; i =0;
do

: : i == N −> break ;
: : i < N −> {

i f
: : Xp [ i ] =0;
: : Xp [ i ] =1;

f i ;
j =0;
do

: : j == N −> break ;
: : j < N −> Xs [ j ] . v [ i ] = Xp[ i ] ;

j++
od ;
i f

: : i t e r mode == ASYNC −>
i n t j ; j =0;
bool i s s u c c =0;
do

: : j == N −> break ;
: : j < N −>{

hasnext ( i , j ) ;
i f

: : ( sync [ i ] != sync [ j ] && i s s u c c ==1) −>
a r r a y o f c h a n n e l s [ i ] . s ent [ j ] ! Xp [ i ] ;

: : ( sync [ i ] == sync [ j ] | | i s s u c c ==0) −>
sk ip

f i ;
j ++;

}
od ;

: : i t e r mode != ASYNC −> sk ip
f i ;
i ++;

}
od ;
sync mutex ! 1 ;

}
run schedu l e r ( ) ;

}

Fig. 3. PROMELA init process

sequence of unlocks of the elements_updates process through the channel. To

RR 2010–3
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achieve this we first set into ar_len the number of elements to be modified and
next we set into mods the index of elements that are going to evolve. The mu-
tual exclusion of elements_updates execution is addressed by the semaphores
unlock_elements_updates and sync_mutex. In Fig. 4, we first ask for the up-
date of the two elements 3 and 4 and next ask for the update of the three
elements 0, 1 and 2.

proctype s chedu l e r ( ){
sync mutex ? 1 −> atomic{

a r l e n =2;
mods [ 0 ] = 3 ; mods [ 1 ] = 4 ;
un lock e l ements update ! 1

} ;
sync mutex ? 1 −> atomic{

a r l e n =3;
mods [ 0 ] = 0 ; mods [ 1 ] = 1 ; mods [ 2 ] = 2 ;
un lock e l ements update ! 1

}
}

Fig. 4. Scheduler process for finite strategy [{3, 4}, {0, 1, 2}]

We are left to translate other strategies. A periodic strategy is obviously
translated into a do . . . od loop whose single entry is the translation of the inner
strategy as above.

Finally, an execution with a pseudo-periodic strategy is translated into a
do . . . od as before but with 2n−1 entries. Each of them corresponds to the
translation of the parallel update of a non empty set of elements in {1, . . . ,n}
as above.

4.2 Update of a Set of Elements

Updating a set J t = {j1, . . . , jm} of elements that occur in the strategy (J t)t∈N is
implemented by the elements_updates process given in Fig. 5. This active pro-
cess waits until it is unlocked by the scheduler process through the semaphore
unlock_elements_update. The implementation is then fivefold:

1. it starts with updating the variable X with the values of Xp thanks to the
update_X function (not detailed here);

2. it memorizes into Xs the current known values of elements thanks to the
retrieve_elements_values function (see Sect. 4.3);

3. a loop over the number ar_len of elements that have to evolve iteratively
updates the value of j (through the execution of the F() function) provided
this has to evolve, i.e. it is referenced by mods[count]; source code of F is
given in Fig. 6 and is a direct translation of the map F ;

LIFC
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4. new values Xp are symbolically sent to other elements for future access thanks
to the broadcast(Xp) function (see Sect. 4.3);

5. finally, this process informs the scheduler about the end of the task (through
the semaphore sync_mutex).

a c t i v e proctype e lements update ( ){
do

: : un lock e l ements update ? 1 −> {
atomic{

bool i s s u c c =0;
update X ( ) ;
r e t r i e v e e l e m e n t s v a l u e s ( ) ;
i n t count = 0 ;
i n t j = 0 ;
do

: : count == a r l e n −> break ;
: : count < a r l e n −>

j = mods [ count ] ;
F ( ) ;
count++ ;

od ;
broadcast (Xp ) ;
sync mutex ! 1

}
}

od
}

Fig. 5. Translation of update of element set

4.3 Values Transmission

Synchronous and asynchronous modes differ in the value transition delays: in the
former case, all delays between elements are null whereas in the latter case, they
are bounded by a finite constant. Furthermore, the mixed iteration mode [12]
allows to constraint some of the elements to evolve synchronously without con-
straining the other ones.

Functions retrieve_elements_values and broadcast given in Fig. 7 and
Fig. 8 respectively memorize and transmit the element values. They are devel-
oped to handle both synchronous and asynchronous iterations.

The former possibly updates the variable Xs needed by elements that have
to be modified. For each one (i.e. for each element in mods) that is represented
by the variable j , it retrieves the values of other elements (labeled by i). There
are two cases:

RR 2010–3
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i n l i n e F( ){
i f

: : j==0 −> Xp [ 0 ] = ( Xs [ j ] . v [ 0 ] & ! Xs [ j ] . v [ 1 ] ) |
( ! Xs [ j ] . v [ 0 ] & Xs [ j ] . v [ 1 ] )

: : j==1 −> Xp [ 1 ] = ! ( Xs [ j ] . v [ 0 ] | Xs [ j ] . v [ 1 ] )
: : j==2 −> Xp [ 2 ] = Xs [ j ] . v [ 2 ] & ! Xs [ j ] . v [ 0 ]
: : j==3 −> Xp [ 3 ] = Xs [ j ] . v [ 4 ]
: : j==4 −> Xp [ 4 ] = ( ! Xs [ j ] . v [ 2 ] | Xs [ j ] . v [ 3 ] )

f i

}

Fig. 6. Translation of the function F

i n l i n e r e t r i e v e e l e m e n t s v a l u e s ( ){
i n t countv = 0 ;
do

: : countv == a r l e n −> break ;
: : countv < a r l e n −>

j = mods [ countv ] ;
i = 0 ;
do

: : ( i == N) −> break ;
: : ( i < N && sync [ i ] == sync [ j ] ) −> {

Xs [ j ] . v [ i ]= Xp[ i ] ;
i++}

: : ( i < N && sync [ i ] != sync [ j ] ) −> {
hasnext ( i , j ) ;
i f

: : sk ip
: : i s s u c c==1 && nempty ( a r r a y o f c h a n n e l s [ i ] . s ent [ j ] ) −>

a r r a y o f c h a n n e l s [ i ] . s ent [ j ] ? Xs [ j ] . v [ i ] ;
f i ;
i++}

od ;
countv++

od
}

Fig. 7. The retrieve elements values function

LIFC
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– when iterations concerning the two nodes i and j have to be synchronized,
(represented by sync[i] == sync[j]), the value of the element i that is
available to j is directly the last computed value of Xi , i.e. Xp[i];

– otherwise, there are two subcases that possibly update the value that j knows
about i (that may be chosen in a non-deterministic way):
• from the perspective of j the value of i may not change (the skip state-

ment) or is not relevant; this latter case arises when there is no edge
from i to j in the incidence graph, i.e. when the value of is_succ that
is computed by hasnext(i,j) is 0; then the value of Xs[j].v[i] is not
modified;

• otherwise, Xs[j].v[i] is assigned with the value stored into the channel
array_of_channels[i].sent[j] (provided this one is not empty). Ele-
ment values are added into this channel during the broadcast function
as follows.

The broadcast function aims at memorizing the values of X represented
by Xp into the array_of_channels. It allows the SPIN model checker to exe-
cute the PROMELA model as if it allowed delays between processes. For that
reason, when an iteration has to synchronize the elements i and j (i.e. when
sync[j] == sync[i] is true), no delay emulation is performed. In the asyn-
chronous mode, there are two cases concerning the value of Xi :

– either it is abstracted away to allow i not to take into account all the values
of j ; this case occurs either through the skip statement or again when there
is no edge from i to j in the incidence graph;

– or it is memorized into the channel array_of_channels[j].sent[i] (pro-
vided it is not full).

4.4 Convergence Property

We are left to show how to formalize into the SPIN model checker that a DDN
with n elements has converged. We then have to translate that, starting from
any configuration, the following equation is established :

∃ t0 . (∀ t . t > t0 ⇒
∧

16i6n

X t+1
i = X t

i ).

Thanks to the variables X and Xp that respectively memorize the value of X
before and after an update, it is necessary and sufficient to establish the following
Linear Temporal Logic (LTL) formula:

�(2Xp = X) (4)

where � and 2 have the usual meaning i.e. respectively eventually and always in
the subsequent path.

RR 2010–3
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i n l i n e broadcast ( va lue s ){
i n t countb ; countb =0;
do

: : countb == a r l e n −> break ;
: : countb < a r l e n −>

j = mods [ countb ] ;
i = 0 ;
do

: : ( i == N) −> break ;
: : i < N && sync [ i ] == sync [ j ] −> {

i++}
: : ( i < N && sync [ i ] != sync [ j ] ) −> {

hasnext ( j , i ) ;
i f

: : sk ip
: : i s s u c c==1 && n f u l l ( a r r a y o f c h a n n e l s [ j ] . s ent [ i ] ) −>

a r r a y o f c h a n n e l s [ j ] . s ent [ i ] ! va lue s [ j ]
f i ;
i++}

od ;
countb++

od
}

Fig. 8. The broadcast function

LIFC
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4.5 Discussion

A coarse approach could consist in providing one process for each element. How-
ever, the distance with the mathematical model (equ. 3) of such a translation
would be larger than the method presented along these lines. It induces it would
be harder to prove the soundness and completeness of such a translation. For
that reasons we have have developed a PROMELA model that is as close as
possible to the mathematical one.

5 Proof of Translation Correction

This section establishes the soundness and completeness of the approach (The-
orems 1 and 2). Four tecnical lemmas are first shown to ease the proof of the
two theorems.

Lemma 1 (Absence of deadlock) Let φ be a DDN model and ψ be its trans-
lation. There is no deadlock in any execution of ψ.

Proof. In current translation, deadlocks of PROMELA may only be introduced
through sending or receiving messages in channels. Sending (resp. receiving) a
message in the broadcast (resp. retrieve_elements_values) function is exe-
cuted only if the channel is not full (resp. is not empty). In the elements_update
and scheduler processes, each time one adds a value in any semaphores channels
(unlock_elements_update and sync_mutex), the corresponding value is read;
avoiding deadlocks by the way.

Lemma 2 (Strategy Equivalence) Let φ be a DDN model whose strategy is
(J t)t∈N and ψ be its translation. There exists a SPIN execution with weak fair-
ness s.t. the scheduler asks elements_updates to modify elements of J t at iter-
ation t .

Proof. The proof is obvious for t = 0. Now, let us suppose that it is established
until t is some t0. If the strategy is finished or periodic, since the iteration
t0 does not lock SPIN (lemma 1), the result is established. If the strategy is
only supposed to be infinite but pseudo-periodic, thanks to the weak fairness
equity property, the elements_updates will be asked to modify elements of J t

at iteration t .

In what follows, let Xstij be the value of Xs[j − 1].v[i − 1] after the t th
call to the function retrieve_elements_value. Furthermore, let Y k

ij be the
element at index k in the channel array_of_channels[i].sent[j] of size m,
m 6 δ0; Y 0

ij and Ym−1
ij are respectively the head and the tail of the channel.

Secondly, let (M t
ij )

t∈ N−{0}
2 be a sequence such that M t

ij is the partial function
that associates to each k , 0 6 k 6 m − 1, the tuple (Y k

ij , a
k
ij , c

k
ij ) while entering

into the elements_updates a iteration t where:

– Y k
ij is the value of the channel array_of_channels[i].sent[j] at index k ;

RR 2010–3



22 J.-F. Couchot

– akij is the date (previous to t) when Y k
ij has been added;

– ckij is the date (after t) it is consumed.

M t
ij has the following signature:

M t
ij : {0, . . . ,max− 1} → Ei × N× N

k ∈ {0, . . . ,m − 1} 7→ Mij (k) = (Y k
ij , a

k
ij , c

k
ij ).

Intuitively, M t
ij is the memory of array_of_channels[i].sent[j] while

starting the iteration t . Notice that the domain of any M 1
ij is {0} and M 1

ij (0) =
(Xp[i], 0, 0): the init process initializes indeed array_of_channels[i].sent[j]
with Xp[i].

Let us show how to make the non-deterministic inside the two functions
retrieve_elements_values and broadcast compliant with equation (3). In-
tuitively, the function M t+1

ij is obtained as successive updates of M t
ij through

the two functions retrieve_elements_values and broadcast. Abusively, let
M

t+1/2
ij be the value of M t

ij after the former function.
In what follows, we consider elements i , 1 6 i 6 n and elements j , 1 6

j 6 n that are updated. At iteration t , t ≥ 1, let (Y 0
ij , a

0
ij , c

0
ij ) be the value

of M t
ij (0) at the beginning of retrieve_elements_values. If t is equal to

c0
ij + 1 then we execute the instruction that assigns Y 0

ij (i.e. the head value
of array_of_channels[i].sent[j]) to Xs lij . In that case, the function M t

ij is

updated as follows: M t+1/2
ij (k) = M t

ij (k) for each k , 0 6 k 6 m − 2 and m − 1 is

removed from the domain of M t+1/2
ij . Otherwise (i.e. when t < c0

ij + 1 or when

the domain of Mij is empty) the skip statement is executed and M
t+1/2
ij = M t

ij .
In the function broadcast, if there exists some k , k > t such that S k

ij = t , let
cij be defined by min{k | S k

ij = t}. In that case, we execute the instruction that
adds the value Xp[j] to the tail of array_of_channels[j].sent[i]. M t+1

ij is

defined as an extension of M t+1/2
ij in m such that M t+1

ij (m) is (Xp[j], t , cij ).
Otherwise (i.e. when ∀ k . k > t ⇒ S k

ij 6= t is established) the skip statement is

executed and M t+1
ij = M

t+1/2
ij .

Lemma 3 (Existence of SPIN Execution) For any sequences (S t)t∈N, (J t)t∈N,
for any map F there exists a SPIN execution such that for any iteration t , t > 1,
for any i , j , 1 6 i 6 n, 1 6 j 6 n we have the following properties:
If the domain of M t

ij is not empty, then M 1
ij (0) =

(
X

S0
ij

j , 0, 0
)

if t ≥ 2 then M t
ij (0) =

(
X

Sc
ij

j ,S c
ij , c

)
, c = min{k | S k

ij > S t−2
ij }

(5)

Secondly we have:

∀ t ′ . 1 6 t ′ 6 t ⇒ Xst
′

ij = X
S

t′−1
ij

i (6)
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Thirdly, for any k ∈ J t , let k ′ be k − 1. Then, the value of the computed vari-
able Xp[k’] at the end of the elements_updates process is equal to X t+1

k i.e.

Fk

(
X

S t
k1

1 , . . . ,X
S t
kn

n

)
at the end of the t-th iteration.

Proof. The proof is done by induction on the number of iterations.

Initial case For the first item, by definition of M t
ij , we have M 1

ij (0) = (Xp[j], 0, 0)

that is obviously equal to
(
X

S0
ij

j , 0, 0
)

.

Next, the first call to the function retrieve_elements_value either assigns
the head of array_of_channels[i].sent[j] to Xs[j][i] or does not modify
Xs[j][i]. Thanks to the init process, both cases are equal to Xp[i], i.e. X 0

i .
The equation (6) is then established.

For the last item, let k , 1 6 k 6 n and k’ = k − 1. At the end of
the first execution of the elements_updates process, the value of Xp[k’] is
F(k’, Xs[k’][0], . . . , Xs[k’][n − 1]). Thus, by definition of Xs, it is equal to
F(k’,Xs1

k1, . . . ,Xs
1
kn). Thanks to equation (6), we can conclude the proof.

Inductive case Suppose now the lemma 3 to be established until iteration l .
First, if domain of definition of the function M l

ij is not empty, by induction

hypothesis M l
ij (0) is

(
X

Sc
ij

j ,S c
ij , c

)
where c is min{k | S k

ij > S l−2
ij }.

At iteration l , if l < c + 1 then the skip statement is executed in the
retrieve_elements_values function. Thus, M l+1

ij (0) is equal to M l
ij (0). Since

c > l − 1 then S c
ij > S l−1

ij and hence, c is min{k | S k
ij > S l−1

ij }.
We now consider that at iteration l , l is c+1. In other words, Mij is modified

depending on the domain dom(M l
ij ) of M l

ij :

– if dom(M l
ij ) = {0} and ∀ k . k > l ⇒ S k

ij 6= l is established then dom(M l+1
ij )

is empty and the lemma is established;
– if dom(M l

ij ) = {0} and ∃ k . k > l ∧ S k
ij = l is established then M l+1

ij (0)
is (Xp[j], l , cij ) that is added in the broadcast function s.t. cij = min{k |

S k
ij = l}. Let us prove that we can express M l+1

ij (0) as
(
X

Sc′
ij

j ,S c′

ij , c
′
)

where

c′ is min{k | S k
ij > S l−1

ij }. First, it is not hard to establish that S cij
ij = l ≥

S l
ij > S l−1

ij and thus cij ≥ c′. Next, since dom(M l
ij ) = {0}, then between

iterations S c
ij + 1 and l − 1, the broadcast function has not updated Mij .

Formally we have

∀ t , k .S c
ij < t < l ∧ k ≥ t ⇒ S k

ij 6= t .

Particularly, S c′

ij 6∈ {S c
ij + 1, . . . , l − 1}. We can apply the third item of the

induction hypothesis to deduce Xp[j] = X
Sc′
ij

j and we can conclude.
– if {0, 1} ⊆ dom(M l

ij ) then M l+1
ij (0) is M l

ij (1). Let M l
ij (1) = (Xp[j], aij , cij ).

By construction aij is min{t ′ | t ′ > S c
ij ∧ (∃ k . k ≥ t ′ ∧ S k

ij = t ′)} and cij is
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min{k | S k
ij = aij}. Let us show cij is equal to min{k | S k

ij > S l−1
ij } further

referred as c′. First we have S cij
ij = aij > S c

ij . Since c by definition is greater
or equal to l−1 , then S

cij
ij > S l−1

ij and then cij ≥ c′. Next, since c is l−1, c′

is min{k | S k
ij > S c

ij} and then aij ≤ S c′

ij . Thus, cij ≤ c′ and we can conclude
as in the previous part.

The case where the domain dom(M l
ij ) is empty but the formula ∃ k . k ≥ l ∧

S k
ij = l is established is equivalent to the second case given above and then is

omitted.
Secondly, let us focus on the formula (6). At iteration l + 1, let c′ be defined

as min{k | S k
ij > S l−1

ij }. Two cases have to be considered depending on whether
S l
ij and S l−1

ij are equal or not.

– If S l
ij = S l−1

ij , since S c′

ij > S l−1
ij , then S c′

ij > S l
ij and then c′ is distinct from

l . Thus, the SPIN execution detailed above does not modify Xs l+1
ij . It is

obvious to establish that Xs l+1
ij = Xs lij = X

S
l−1
ij

i = X
S l
ij

i .
– Otherwise S l

ij is greater than S l−1
ij and c is thus l . According to equations (5)

we have proved, we have M l+1
ij (0) = (X

S l
ij

i ,S l
ij , l). Then the SPIN execution

detailed above assigns X
S l
ij

i to Xs l+1
ij , which ends the proof of (6).

We are left to prove the induction of the third part of the lemma. Let k , k ∈
J l+1 and k’ = k − 1. At the end of the first execution of the elements_updates
process, we have Xp[k’] = F(k’, Xs[k’][0], . . . , Xs[k’][n − 1]). By definition
of Xs, it is equal to F(k’,Xs l+1

k1 , . . . ,Xs l+1
kn ). Thanks to equation(6) we have

proved, we can conclude the proof.

Lemma 4 Bounding the size of channels to max = δ0 is sufficient when simu-
lating a DDN where delays are bounded by δ0 (cf. equation (2)).

Proof. For any i , j , at each iteration t , thanks to equation (2) element i has

to know at worst δ0 values that are X
S

t−1
ij

j , . . . , X
S

t−δ0
ij

j . They can be stored into
any channel of size δ0.

Theorem 1 (Soundness wrt convergence property) Let φ be a DDN model
and ψ be its translation. If any execution of ψ converges, then any iteration of
φ converges.

Proof. It is easier to show the contraposition of the theorem. The preceeding
lemmas have shown that for any execution of the DDN, there exists an execution
of the PROMELA model that simulates it. If some iterations make the DDN
diverge, then they make the PROMELA model diverge too.

Theorem 2 (Completeness) Let φ be a DDN model and ψ be its translation.
If an execution of ψ diverges under weak fairness property, then some iterations
of φ diverge.
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Proof. For a diverging execution of ψ, it is easy to construct corresponding
iterations of the DDN. Executions are performed under weak fairness property;
we then detail what are continuously enabled:

– elements 1, . . . , n: they are infinitely often updated leading to pseudo-
periodic strategy;

– skip receiving and sending messages via channel: Sij is increasing

Computed DDN has then the convenient property.

Next section presents practical keynotes about the approach.

6 Practical Issues

This section first gives some notes about complexity and later presents experi-
ments.

6.1 Complexity Calculus

Theorem 3 (Number of states) Let φ be a DDN model with n elements, m
edges in the incidence graph and ψ be its translation into PROMELA. The con-
figuration number of ψ SPIN execution is bounded by 2m×(δ0+1)+2n .

Proof. A configuration is a valuation of global variables. Their number only
depends on those that are not constant.

The variables Xp X leads to 22n states. Each channel of array_of_channels
may yield 1 + 21 + . . . + 2δ0 = 2δ0+1 − 1 states. Since the number of edges in
the incidence graph is m, there are m non-constant channels, leading to ap-
proximately 2m×(δ0+1) states. The number of configurations is then bounded by
2m×(δ0+1)+2n .

Notice we have not considered the global variable Xs since it should trans-
formed into a local variable of the elements_update process.

Running example. Let δ0 be 5, we then have at worst 246 configurations.

6.2 Experiments

The method detailed along the line of this article have been applied on some
examples to formally prove their convergence. The Figures 9 and 10 summarize
convergence status of some examples respectively for synchronous and asyn-
chronous iterations. Iterations are considered to be either parallel or pseudo-
periodic. In asynchronous mode, delays are supposed to be bounded by δ0 set
to 10. We furthermore distinguish cases when delays are only restricted to be
bounded and with cases when delays are bounded and even null between some
elements as detailed in the mixed mode [12]. For each mode, we ask SPIN to
verify the LTL convergence property (4). In these arrays, P is true (>) provided
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the property is established, false (⊥) otherwise, M is the amount of memory
usage (in MB) and T is the time needed on a Intel Centrino Dual Core 2 Duo
@1.8GHz with 2GB of memory, both to establish or refute the property.

The example [2] deals with a network composed of two genes taking their val-
ues into {0, 1, 2}. Since parallel iterations is already diverging, the same behavior
is observed for all other modes.

In the example extracted from [14], we have 10 processors computing a binary
value. Due to the huge number of dependencies between these calculus, δ0 is
reduced to 1. It nevertheless leads to about 2100 configurations in asynchronous
iterations . Notice the absence of cycle in the incidence graph allows to conclude
that any pseudo-periodic iteration mode is converging.

Execution times and memory usage show that translation is efficient enough
even on a small computer to provide an answer for simple models. It then meets
objectives of establishing formal proof of convergence. Applied on bigger models,
experiments shows the limits of the approach.

Parallel P. Periodic
P M T P M T

Running [12] > 2.7 0.01s ⊥ 369.371 0.509s
[2] example ⊥ 2.5 0.001s ⊥ 2.5 0.01s
[14] example > 36.7 12s >

Fig. 9. Experimentations with Synchronous Iterations

Mixed Mode Only Bounded
Parallel P.Periodic Parallel P.Periodic

P M T P M T P M T P M T
Running [12] > 409 1m11s ⊥1 370 0.54 ⊥ 374 7.7s ⊥2 370 0.51s
[2] example ⊥ 2.5 0.001s ⊥ 2.5 0.01s ⊥ 2.5 0.01s ⊥ 2.5 0.01s
[14] example > > ⊥ ⊥

Fig. 10. Experimentations with Asynchronous Iterations

7 Conclusion and Future Work

We first present related works. Stochastic based approaches have been imple-
mented to generate both boolean neural networks, strategies and delays for
asynchronous iterations first in Discrete System Evolution (DSE) research soft-
ware [14,15] and in [3,4]. Next an exhaustive computation analyzes only the
convergence for DSE and furthermore the existence of attraction basins in the
latter case.

As far as we know, the closest work is SMBioNet [7] that takes as input a
interaction graph G , a finite set of states E , and a temporal property expressed
in Computational Tree Logic (CTL). It then generates all the maps F from
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E to itself whose interaction graph is G . It outputs only the maps F whose
chaotic iterations reduced to modify only one element satisfy the given temporal
formula. The verification step is performed by the NuSMV model checker [16].

In this work, we have shown how convergence proof for any asynchronous
iterations of discrete dynamical networks with bounded delays can be automat-
ically achieved. The key idea is to translate the network (map, strategy) into
PROMELA and to leave the SPIN model checker establishing the validity of
the temporal property corresponding to the convergence. The correction and
completeness of the approach have been proved, notably by computing a SPIN
execution of the PROMELA model that have the same behaviors than initial
network. The complexity of the problem is addressed. It shows that non trivial
example may be addressed by this technique. This fact is illustrated on three
examples of distinct origins.

Among drawbacks of the method, one can argue that bounded delays is only
realistic in practice for close systems. However, in real large scale distributed
systems where bandwidth is weak, this restriction is too strong. In that case,
one should only consider that matrix S t follows the iterations of the system, i.e.
for all i , j , 1 6 i 6 j 6 n, we have lim

t→∞
S t
ij = +∞. One challenge of this work

should consist in weakening this constraint. We plan as future work to take into
account other automatic approaches to discharge proofs notably by proof based
model checking [17].
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